Abstract. Given a generic PL map or a generic smooth fold map f : N n → M m , where m ≥ n and 2(m + k) ≥ 3(n + 1), we prove that f lifts to a PL or smooth embedding N ֒→ M × R k if and only if its double point locus (f × f ) −1 (∆ M ) \ ∆ N admits an equivariant map to S k−1 . As a corollary we answer a 1990 question of P. Petersen on whether the universal coverings of the lens spaces L(p, q), p odd, lift to embeddings in L(p, q) × R 3 . We also show that if a non-degenerate PL map N → M lifts to a topological embedding in M × R k then it lifts to a PL embedding in there.
Introduction
Let f : N → M be a continuous, PL or smooth (C ∞ ) map. We say that f is a (PL/smooth) k-prem (k-codimensionally projected embedding) if there exists a map g : N → R k such that f × g : N → M × R k is a (PL/smooth) embedding. The abbreviation "prem" goes back to P. Akhmetiev and A. Skopenkov. We refer to the introductions of the recent papers [AM] and [M3] for further details.
The main objective of the present paper is to determine algebraically, under some reasonable hypotheses, whether a given map f is a k-prem. Some applications of our main result are obtained in [AM] . Some other approaches to the problem can be found in [BH] , [DH] , [H1] , [H2] , [KW] , [M3] , [Pe] , [Po] , [Si] , [Sk] , [TV] , [Ya] . LetÑ = N × N \ ∆ with the factor exchanging involution t. Given a map f : N → M , let ∆ f = {(x, y) ∈Ñ | f (x) = f (y)}. If g : N → R k is a map such that f × g : N ֒→ M × R k is an embedding, there exists an equivariant map g : ∆ f → S k−1 , defined by (x, y) →
g(y)−g(x)
||g(y)−g(x)|| . We prove a partial converse: Theorem 1. Suppose that m ≥ n and 2(m + k) ≥ 3(n + 1). Let f : N n → M m , where N is compact, be one of the following:
(a) a generic PL map of a polyhedron to a PL manifold; (b) a generic smooth fold map 1 between smooth manifolds; (c) a generic smooth map between smooth manifolds, where 3n − 2m ≤ k. If there exists an equivariant map ∆ f → S k−1 , then f is a PL (smooth) k-prem.
The assertion of Theorem 1 does not hold for odd degree coverings f : S 1 → S 1 . If f is a 3-fold covering, say, then ∆ f is homeomorphic to S 1 ⊔ S 1 , where the involution permutes the two components. Hence there exists an equivariant map ∆ f → S 0 , but obviously f is not a 1-prem. Nevertheless, the assertion of Theorem 1 is true for maps of graphs to R 1 [Sk] , [FK] . It is non-vacuous even for trees, as there exists a generic PL map of a trivalent tree to R 1 that is not a 1-prem [Si] .
Remark. Theorem 1 is obvious for immersions without triple points. In this case, the projection π : N × N → N embeds ∆ f . Then any extension of the composition
− → S k−1 ⊂ R k to a PL or smooth map g : N → R k yields a PL or smooth embedding f × g : N ֒→ M × R k . It is not hard to elaborate on this construction so as to prove Theorem 1 for generic maps without triple points. (This is an exercise for the reader.) Let us note that a generic smooth map without triple points is a smooth fold map.
Remark. A natural approach to proving Theorem 1 is by trying to adapt Haefliger's generalized Whitney trick (see [Ad; §VII.4] ). In fact, our proof below can be used to embed a core part of Haefliger's "standard model" into a generic lift of f in a way that agrees with the projection M ×R k → M . However, it is far from clear how one could possibly construct appropriate global Haefliger-style framings especially when ∆ f is not immersed in N .
We prove Theorem 1 by what can be called a new kind of generalized Whitney trick. It contrasts with the Whitney-Haefliger(-Koschorke) approach in that ours describes the desired homotopy by an explicit formula. Haefliger's construction is less explicit in that it depends on the choice of an embedding of the "standard model", whose existence is proved using obstruction theory. However, it is difficult to compare the two versions of generalized Whitney trick directly since they apply under incompatible hypotheses.
Theorem 2. A non-degenerate
2 PL map of a compact polyhedron into a PL manifold is a k-prem if and only if it is a PL k-prem.
It is unlikely that such a theorem is true in the smooth case. In the proof of Theorem 1(b,c), additional work is needed to guarantee that the given map lifts to a smooth embedding rather than just an injective smooth map.
We also include a sample application of Theorem 1.
Theorem 3. Let N be a PL (smooth) Z/2-homology n-sphere, M an orientable PL (smooth) n-manifold, n > 2. A generic PL map (resp. a covering) f :
By a PL Z/2-homology n-sphere we mean a PL manifold (not just a polyhedral homology manifold) with the same mod2 homology as S n . Part (a) yields a solution to Petersen's problem [Pe; end of §3] : does there exist a 3-dimensional lens space L(p, q) with p odd whose universal covering is not a 3-prem? (The condition "with p odd" is not explicitly stated in Petersen's question, but is implied by the preceding discussion and certainly by his observation on the preceding page that no even degree covering S 3 → M 3 is a 3-prem.)
A map f : N → M is called a (smooth) immersion if every point of N has a neighborhood that is (smoothly) embedded by f . For a map f :
f ) be the set of points p ∈ N such that every neighborhood of p contains distinct points x, y satisfying f (x) = f (y) (resp. pairwise distinct points x, y, z satisfying f (x) = f (y) = f (z)). Clearly, f is an immersion if and only if Σ f = ∅. By a fold map we mean a map f : N → M such that Σ (3) f = ∅; this includes smooth fold maps, whose only singularities are of the fold type (i.e., of the type Σ 1,0 , cf. [GG] ). By a simple (smooth) fold map we mean a (smooth) fold map f : N → M that does not intersect its own folds; that is, (Σ f × N ) ∩ ∆ f = ∅. Obviously, (smooth) immersions are (smooth) simple fold maps. Also, generic PL (smooth) maps with no triple points are simple (smooth) fold maps. Generic PL (smooth) maps N n → M m have no triple points when 2m ≥ 3n + 1; they are (smooth) fold maps if 2m ≥ 3n − 1 (when M , N are manifolds rather than polyhedra) and simple (smooth) fold maps if 2m ≥ 3n.
Remark. The basic idea of proof of Theorem 1 for simple fold maps is as follows.
Let us pick a generic lift
. Using the hypothesis, it is not hard to construct a generic equivariant homotopy Φ fromḡ to a map into
Then D has a small dimension (less than n/2) and therefore the projection π :∆ f ⊂ N × N → N embeds D. Also, since f is a simple fold map, π is an immersion, and hence embeds a neighborhood U of D. Our plan is to homotop h to an embedding by a homotopy with support in π(U ), using the configuration level homotopy Φ over U and the homeomorphism π| U between U and π(U ). A preliminary version h t of the desired homotopy is given by an explicit formula involving h 0 = h and Φ, and does eliminate the existing double points of h; thus h 1 embeds π(U ). But, of course, this formula is unaware that f may have triple and 10-tuple points, and because of this h t may accidentally create new double points between U and N \ U . However, since D has a small dimension, by a slight perturbation of h we can at least ensure that new double points do not occur between D and N \ D. Then they also do not occur between a very small neighborhood π(V ) ⊂ π(U ) of D in π(∆ f ) and N \ π(V ), and (using again that f is a simple fold map) even between a neighborhood W of D in N and N \ W . With enough care this remains true (and even with the same V and W , so that we don't get a circularity!) after we amend Φ into a homotopy with support in V . Theorem 1(a) is reduced to the case of simple fold maps by a trick, which almost looks like an induction on Thom-Boardman (or at least Morin) strata, but in reality appears to work only in the PL category (and gets stuck at the penultimate step).
Theorem 1(a) is contained in the case M 0 = ∅ of the following Theorem 2.1. Let M m be a PL manifold and N n a compact polyhedron, where m ≥ n and 2(m + k) ≥ 3(n + 1), and let M 0 , N 0 be their subpolyhedra. Let f : N → M be a generic PL map such that f −1 (M 0 ) = N 0 , and let
Proof. Let K and L be triangulations of N and M such that f : K → L is simplicial and N 0 and M 0 are subcomplexes. Let
and letD 3 be the projection to N of its closure∆
Since f is generic, we may assume that dimD 3 ≤ 3n − 2m. Let σ 1 , . . . , σ r be the simplexes ofD 3 not contained in M 0 arranged in an order of increasing dimension. Let
be the restriction of f ; note that f 0 is same as before.
Suppose that e i :
(Let us note that for i = 0 this assertion holds by the hypothesis of the theorem.)
Since F non-denegerate, it restricts to a trivial finite-fold (possibly 0-fold) covering
Since every covering is an immersion, and hence a simple fold map, and
is equivariantly homotopic to α| ∆ f i+1 by the homotopy h i+1 := h i ∪ H 0 H which obviously keeps ∆ f 0 fixed. Finally, we have K r = N 0 ∪ T . Since f | N\K r has no triple points, it is a simple fold map. It remains to apply Proposition 2.2 once again. Proposition 2.2. Theorem 2.1 holds if f | N\N 0 is a simple fold map.
Proof. Let us write
Since g is generic and g| N 0 = e 0 , we may assume that ∆ h is a subpolyhedron in ∆ f • of codimension ≥ k.
Let∆ f be the closure of ∆ f in N × N and let Σ f be the subset of N such that ∆ Σ f =∆ f ∩ ∆ N . Since f is PL,∆ f is a subpolyhedron of N × N and Σ f is a subpolyhedron of N . Let us define an isovariant map β :∆ f → R k by sending ∆ Σ f to 0 and by (x, y) → α(x, y)·||G(y)−G(x)|| for x = y. (We recall that an isovariant map is an equivariant map which does not increase stabilizers of points; i.e., in our case,
We claim that β is isovariantly homotopic to a generic PL map ϕ :∆ f → R k keeping∆ f 0 fixed. Indeed, let A be some equivariant triangulation A of∆ f such that∆ f 0 is triangulated by a subcomplex of A. (A triangulation is called equivariant if the action is by simplicial maps and the stabilizer of each simplex equals the stabilizer of each interior point of this simplex; in our case, this implies, in particular, that ∆ Σ f is triangulated by a subcomplex.) Let B be the union of all closed simplexes of A that do not intersect ∆ Σ f . Let B ′ be an equivariant subdivision of B into sufficiently small simplexes, and let us extend it to an equivariant subdivision A ′ of A without adding new vertices. Let us define ϕ to coincide with β on the vertices of A ′ and by extending linearly to the simplexes of A ′ . Then it is easy see that ϕ is isovariant and is conical on the simplicial neighborhood C of ∆ Σ f in A ′ . Also, β| B is isovariantly homotopic to ϕ| B by the linear homotopy, which keeps ∆ f 0 fixed. Therefore β is isovariantly homotopic keeping∆ f 0 fixed to a map γ such that γ| B = ϕ| B . Now γ is isovariantly homotopic to ϕ by a homotopy γ t which keeps B ∪∆ f 0 fixed, coincides with γ on C \ tC for a smaller neighborhood tC of ∆ Σ f , and is conical on tC.
is equivariantly homotopic to ϕ by a generic PL homotopy Φ :
Since Φ is PL,∇ is a subpolyhedron of∆ f × I and consequentlyD is a subpolyhedron of∆ f . Since f and Φ are generic, we may assume that∇ is of codimension ≥ k in∆ f × I, and consequentlyD is of codimension
Letπ :∆ f ⊂ N × N → N be the projection to the first factor and let
Every point of ∆ π is of the form (x, y), (x, z) , where (x, y) and (x, z) belong to ∆ f and y = z. Thus the projection
Since f is generic, we may assume that dim ∆
Let K be an equivariant triangulation of∆ f and L a triangulation of N such thatπ : K → L is simplicial. If σ 1 , σ 2 are simplexes of K such thatπ(σ 1 ) =π(σ 2 ), then they have the same dimension s ≤ 3n−2m. Since Φ is generic, we may assume that∇ ∩ σ i × I is of dimension at most s − (k − 1), and therefore so isD ∩ σ i . Since 2 s − (k − 1) − s ≤ 3n + 2 − 2m − 2k < 0, we may assume thatπ embedsD.
It is easy to see that Σ π ⊂ (N ×Σ f )∩∆ f . Since f is generic, the reverse inclusion also holds. For any PL map f it is not hard to see that Σπ
is the subset of N such that the triple diagonal
Similarly, we have
We may assume that the closureŪ of U in∆ f is a subpolyhedron of N × N and thatŪ = U ∪D. Then it follows that π embedsŪ . (It would in fact suffice for our purposes to know that it embeds U , but to stay within the PL category it helps to deal with compact polyhedra.)
Let us construct a PL homotopy g t :π(Ū ) → R k such that g 0 is the restriction of g and g t (y)−g t (x) = Φ(x, y, t) for all (x, y) ∈Ū . For each x ∈π(Ū ) there is a unique y = y(x) ∈π(Ū ) such that (x, y) ∈Ū . The vector g t (y) − g t (x) := Φ(x, y, t) is given for each t, and we have some freedom in choosing its endpoints g t (x) and g t (y). We may, for instance, endow every point x ∈π(Ū ) with a "mass" continuously depending on x and choose the endpoints g t (x) and g t (y) so that their "center of gravity" does not depend on t. For our purposes, it suffices to consider the constant mass function, so that the center of gravity is the midpoint of the vector. The requirement that this midpoint be fixed under the homotopy can be expressed by
where the left hand side can be rewritten as
Φ(x, y, t).
where y ∈π(Ū ) is the unique point such that (x, y) ∈Ū . Clearly, g t is piecewise linear, g 0 is the restriction of g, and g t (y) − g t (x) = Φ(x, y, t) for all (x, y) ∈Ū ; the latter can also be verified directly:
Let us note that since
for (x, y) ∈Ū can be used to reconstruct Φ from g t . More precisely, if we amend g t into a new homotopy g ′ t by an amendment with support in U , then this constraint yields a new isovariant PL homotopy
. Also, as long as the amendment preserves the midpoints, that is,
for all (x, y) ∈Ū , then it is compatible with the definition of g t ; that is, if we repeat the definition of g t with Φ ′ in place of Φ, we will get nothing but g ′ t . Thus we are free to perturb g t keeping the midpoints fixed. Then by arguments similar to equivariant general position we may assume g t to be generic.
Let us define H :
However, since f may have triple points, H π(Ū )×{1} may intersect h N \π(Ū ) .
Let T and T * be the images of
, and in particular from h π(T ) . Since dim T × I = dim T * × I < k, f | π(T )∪T * is non-degenerate and g t is generic, we may assume that the track of • such that H(W α × I) is disjoint from h(Z). We may assume that W α ⊂ W and that the closure of W α in N is a subpolyhedron of N . Suppose that W β is a sufficiently small open neighborhood of W α in W (the exact conditions required of W β will be specified later).
of an isovariant PL retraction (which exists as long as V β is a sufficiently small neighborhood of V α ) and the inverse of the homeomorphism q|∆ f • ×{0}∪V α ×I . The composition∆
Let us define an isovariant PL homotopy Ψ :∆ f × I → R k by Ψ(∆ Σ f × I) = 0 and by the composition∆
These two definitions clearly agree over
whereV is the closure of V in∆ f , be defined similarly to g t but using Ψ in place of Φ:
where y ∈π(V ) is the unique point such that (x, y) ∈V . Then g ′ 0 is a restrition of g and g ′ t (y)−g ′ t (x) = Ψ(x, y, t) for all (x, y) ∈V . Also, since Ψ(x, y, t) = g(y)−g(x) for all (x, y) ∈ V \ V β , we have g t (x) = g(x) for all x ∈π(V \ V β ).
Let us define
where Q 0 is the quotient map. Let Q :
the other quotient map, and let us note thatπ(V )
of a PL retraction (which exists as long as W β is a sufficiently small neighborhood ofπ(V β )) and the homeomorphism. Let us define a PL homotopy E : N × I → R k by E(x, t) = e(x) for x ∈ N 0 and by the composition
for all x ∈ Z β and h t (x) = H(x, t) for all x ∈π(V α ). Also, h 1 embedsπ(V ), and
Since π(∆ h ) ⊂π(D) is disjoint from Z β , h embeds Z β , and hence so does h t for each t ∈ I. In particular, h t embeds Z, and h t (Z β \ Z) is disjoint from h t (Z). Since h t π(V α ) is disjoint from h t (Z), we may assume that, as long as the neighborhood W β of W α is sufficiently small, h t (W β ) is also disjoint from h t (Z). 
it extends to an equivariant homotopy ψ
It follows from the definition of Ψ that the latter is equivariantly
But latter is in turn equivariantly homotopic to α by the construction of Ψ.
Proof of Theorem 1(b,c)
For a smooth manifold N , we denote by N
[2] the Z/2-equivariant compactification of the deleted product N × N \ ∆ N by the total space SN of the spherical tangent bundle σ : SN → N = ∆ N . Here σ extends to a smooth map N [2] → N × N restricting to the identity overÑ . It is well-known that the pair (N [2] , N ) is welldefined up to a diffeomorphism (see e.g. [M4] ). We denote by∆ f the closure of ∆ f in N [2] , and by∆ f its closure in N × N . A smooth map f : N → M , where N is compact, is called completely selftransverse if it is self-transverse (see [GG] ) and fully 1-transverse [Por] . The latter is equivalent to saying (see [M4] ) that for the graph Γ f : N ֒→ M × N , the monomorphism of the spherical tangent bundles SΓ f : SN → S(M × N ), regarded as a map between the total spaces, is transverse to the kernel
If f is completely self-transverse, it is easy to see that∆ f is a smooth manifold (cf. [M4] ). It follows from the 1-Jet Transversality Theorem (see [GG] ) that the set of fully 1-transverse maps is open and dense in the C ∞ -topology [M4] . It is a well-known corollary of the 2-Multi-0-Jet Transversality Theorem that the set of self-transverse maps is open and dense in the C ∞ -topology (see [GG] ). A smooth map f : N n → M 2n−k is called a corank one map, if dim(ker df x ) ≤ 1 at every point x ∈ N . In particular, every generic smooth fold map is a corank one map. It is well-known (cf. [GG] ) that the set of corank one maps N n → M m is open and under the restriction 2m ≥ 3(n − 1) also dense in the C ∞ topology. If f is a corank one completely self-transverse map, it is easy to see that∆ f is a submanifold of N × N , intersecting ∆ N transversely in the set Σ f := {x ∈ N | ker df x = 0} of critical points of f (cf. [M4] ). Indeed ( 
Proof. Let us first consider the case where N = M × R k and f and g are the projections p :
It is easy to seeq is the composition of the natural map∆ p →∆ c , where c : R k → {0} is the constant map, and the obvious retraction of (R k ) [2] onto its anti-diagonal. In the general case, h induces a smooth embedding
, which in turn restricts to a smooth embedding g * :∆ f →∆ p . Now g factors into the compositioň
Theorem 1(b) is contained in the case M 0 = ∅ of the following Theorem 3.2. Let (M m , ∂M ) be a smooth manifold and (N n , ∂N ) a compact smooth manifold, where m ≥ n and 2(m + k) ≥ 3(n + 1). Let f : N → M be a generic smooth fold map such that f −1 (∂M ) = ∂N , and let f 0 = f | ∂N . Suppose that e 0 : ∂N → R k is such that f 0 × e 0 : ∂N → ∂M × R k is a smooth embedding andẽ 0 : ∆ f 0 → S k−1 extends to an equivariant map α : ∆ f → S k−1 . Then e 0 extends to a map e : N → R k such that f × e : N → M × R k is a smooth embedding andẽ : ∆ f → S k−1 is equivariantly homotopic to α keeping ∆ f 0 fixed.
Proposition 3.3. Theorem 3.2 holds if f | N\∂N is a simple fold map.
Proof. This is generally similar to the proof of Proposition 2.2, with many straightforward modifications. We will discuss only substantial modifications.
(1) Instead of the subpolyhedra M 0 and N 0 we now have ∂M and ∂N . This can be used as follows: whatever is given on the boundary can be extended over a neighborhood of the boundary. Due to this,π(D) will be entirely contained in N \∂N , and we do not need to worry about the intersection ofπ(Ū ) with ∂N . (The solution we used in the PL case, to keep this intersection to a minimum, would not suffice for the smooth case.) In what follows, we will assume ∂M = ∂N = ∅ to simplify matters.
(2) The construction of the isovariant map ϕ :∆ f → R k is modified as follows. Since the manifold with boundary∆ f is equivariantly homotopy equivalent to its interior ∆ f , the given map α : ∆ f → S k−1 is equivariantly homotopic to the restriction of a smooth map β :∆ f → S k−1 . On the other hand, let κ :∆ f → [0, ∞) be the composition ofǦ :∆ f → S k+d−1 × [0, ∞) and the projection onto [0, ∞). By Lemma 3.1 κ is smooth. Henceφ := β × κ :∆ f → S k−1 is smooth. LetR k be the blowup of R k at 0; thus the map
Also let∆ f be the image of∆ f in the blowup of N × N along ∆ N . Then the projection∆ f factors as a composition∆ f q − →∆ f r − →∆ f . Sinceφ is equivariant, it descends to a map ϕ :∆ f →R k , which is easily seen to be smooth. Since f is a corank one map, r is a diffeomorphism, and consequentlyφ descends to a smooth map ϕ :∆ f → R k .
(3) Let us compute dϕ (x,x) (v) for each x ∈ Σ f and each unit vector v ∈ T x N in the kernel of df x , where the tangent bundle τ N : T N → N is identified with the normal bundle ν ∆ N ⊂N×N . Letγ : [0, 1) →∆ f be a smooth path such thať γ(t) = y(t), z(t) ∈ ∆ f for t > 0,γ(0) = (x, v) ∈Σ f , andγ ′ (0) is the unique unit normal vectorv at (x, v) toΣ f in∆ f , or equivalently to SN in N [2] . The differential of the projection Π :
Then the one-sided derivatives y ′ (0) = v and z ′ (0) = −v. Hence the smooth paths δ(t) := y(t), t ∈ [0, 1), and δ(t) := z(−t), t ∈ (−1, 0], combine into a single smooth path δ : (−1, 1) → N . Let us write γ = Πγ. Thus γ(t) = δ(t), δ(−t) and hence f δ(t) = f δ(−t) . Also δ
Here dG x (v) = 0 since G is a smooth embedding. Hence dϕ (x,x) (v) = 0. (4) When perturbing ϕ along with the map g 1 :π(Ū ) → R k so that ϕ(x, y) = g 1 (y)−g 1 (x) for (x, y) ∈ U , the following conditions must be preserved: ϕ is smooth and isovariant, and the restriction of dϕ to ker df is a monomorphism of bundles. It not hard to ensure that ψ := Ψ|∆ f ×{1} also satisfies these conditions.
(5) Since e : N → R k is an extension of g ′ 1 , which is defined by an explicit formula onπ(V ), and coincides with g elsewhere, it is easily checked to be smooth. Let us compute de x (v), where x ∈ Σ f ∩π(V ) and v ∈ T x N is a unit vector in the kernel of df x . We may assume that γ (0, 1) ⊂ V and so δ (−1, 1) ⊂π(V ), so that we can use the constraint e(y) − e(x) = ψ(x, y) for (x, y) ∈ V .
But dψ (x,x) (v) = 0 since the restriction of dψ to ker df is a monomorphism. Hence de x (v) = 0. Thus f × e is a smooth embedding.
Proof of Theorem 3.2. Since f is a fold map, S :
Let π and π * be the projections of N × N to its factors.
but we do not need this), it follows from Theorem 2.1 that e 0 : ∂N → R k extends to a continuous map e S : N S → R k such that f S × e S : N S → M × R k is a topological embedding and e S : ∆ f S → S k−1 is equivariantly homotopic to α| ∆ f S keeping ∆ f 0 fixed. Let g : N → R k be a generic smooth map such that g| ∂N = e 0 and g| N S is sufficiently C 0 -close to e S , and let h = f × g : N → M × R k . Since S is compact and e S is injective, we may assume that the closure∆ h of ∆ h in N × N is disjoint from S andg| S∪∆ f 0 is equivariantly homotopic to α| S∪∆ f 0 keeping ∆ f 0 fixed. Theñ g| S∪∆ f 0 extends to an equivariant map α ′ : ∆ f → S k−1 which is equivariantly homotopic to α keeping ∆ f 0 fixed. Now, although f N\∂N is not a simple fold map, we can proceed as in the proof of Proposition 3.3 (which is in turn based on the proof of Proposition 2.2), using the map g constructed above and using α ′ in place of α. (Here (N, ∂N ) of the proof of Proposition 3.3 is the same as (N, ∂N ) of the theorem being proved, regardless of what we now know about π(S) ∪ π * (S).) Then D will be disjoint from S, and this condition suffices to replace the stronger condition that f N\∂N is a simple fold map for the purposes of the proof of Proposition 3.3.
Proof of Theorem 1(c).
Since f is generic, we may assume that dim X ≤ 3n − 2m − 2 and that∆ f is a smooth manifold. Let g : N → R k be a generic smooth map, and let h = f × g : N → M × R k . We may assume that∆ h is a submanifold of∆ f of codimension ≥ k. Moreover, since (3n − 2m − 2) − k < 0, we may assume that the image of∆ h in N under the projectionπ : ∆ f ⊂ N × N → N is disjoint from X. Thus h| U is an embedding for some neighborhood U of X in N such that U = f −1 (V ) for some closed manifold with boundary V ⊂ M and U is a closed manifold with boundary that deformation retracts onto X. In particular, h| X : X → f (X) × R k is an embedding. We may further assume that
is equivariantly homotopic to ϕ| Y , where ϕ : ∆ f → S k−1 is the given map. It follows thatg| W : W → S k−1 is equivariantly homotopic to ϕ| W by a homotopy H t . Let N ′ be the closure of N \ U in N , and let M ′ be the closure of M \ V in M . Then f | N ′ is a generic fold map, and e 0 := g| ∂N ′ :
Thus we may apply Theorem 3.2 to obtain an extension of g| U to a map e : N → R k such that f × e : N → M × R k is a smooth embedding (and, in fact,ẽ is equivariantly homotopic to ϕ).
Proof of Theorem 2
Theorem 4.1. Let f : N → M be a non-degenrate PL map of a compact polyhedron into a PL manifold. Then f is a k-prem if and only if it is a PL k-prem.
Moreover, any map g : N → R k such that f ×g : N → M ×R k is an embedding is homotopic to a PL map by a homotopy g t :
Proof. Let K and L be triangulations of N and M with respect to which f is simplicial. By the hypothesis, f embeds every simplex of K. We claim that for each i = 0, . . . , n, there exist subdivisions K i and L i of K and L and a derived subdivision 
) and consequently also its convex hull; and if v is another vertex of K i contained in
Let us define g 1 to be equal to g on each vertex of K ′ n , and extend it linearly to each simplex of K ′ n . Then g 1 is a PL map. Suppose that g 1 (x) = g 1 (y) for some x, y ∈ N such that f (x) = f (y). Let σ, τ be the minimal simplexes of K ′ n containing x and y. Then σ = (σ ∩ τ ) * σ and τ = (σ ∩ τ ) * τ , whereσ ∩τ = ∅. If σ ∩ τ = ∅, there exist unique points z ∈ σ ∩ τ andx ∈σ,ỹ ∈τ such that x ∈ z * x and y ∈ z * ỹ. Then clearly f (x) = f (ỹ) and g 1 (x) = g 1 (ỹ). However, it is easy to see thatσ andτ are contained respectively in st(u, K ′ n ) and st(v, K ′ n ), where u and v are distinct vertices of K n such that f (u) = f (v). (Namely, σ and τ are flags of simplexes of K n , andσ,τ are their subflags; if σ 1 , τ 1 ,σ 1 andτ 1 are the smallest members of these flags, then u and v are any vertices ofσ 1 andτ 1 not contained in σ 1 , τ 1 .) This is a contradiction. Thus g 1 is injective.
To define the homotopy g t , let P i be the union of the dual cones of all simplexes of K n of dimensions ≥ n − i. Then g 1 = g on P 0 , so we may define g t = g on P 0 . Assume that g t has been defined on P i−1 , let σ be an (n − i)-simplex of L n and τ 1 , . . . , τ k the (n − i)-simplexes of K n that map onto σ. The dual cone τ * i is the cone over ∂τ i := lk(τ i , K ′ n ), which lies in P i−1 . Hence the restrictions of g and g 1 to τ * 1 ∪ · · · ∪ τ * n are already connected by the restriction of g t to ∂τ * 1 ∪ · · · ∪ ∂τ * n . We extend this homotopy to τ * 1 ∪ · · · ∪ τ * n by the Alexander trick. It is not hard to see that the resulting homotopy g t is an isotopy.
Proof of Theorem 3
Let ∆ be a space with a free involution t. Its Yang index is the maximal k such that w 1 (λ) k = 0, where λ is the line bundle associated with the 2-covering ∆ → ∆/t.
Lemma 5.1. If ∆ is an n-manifold with a free involution t, it admits an equivariant map to S n−1 with the antipodal involution iff it has Yang index < n.
Proof. The "only if" part is trivial, since S n−1 has Yang index < n. The first obstruction to the existence of an equivariant map ∆ → S n−1 is e(λ) n ∈ H n (∆/t; Z ⊗n λ ), where Z λ is the integral local coefficient system corresponding to λ, and e(λ) ∈ H 1 (∆/t; Z λ ) is the Euler class of λ, which is induced from the generator of H 1 (RP ∞ ; Z λ ) ≃ Z/2 under a classifying map of λ; this obstruction is complete (see [M2; §2] ). Since ∆ is a manifold, H n (C; Z ⊗n λ ) is either 0 or Z or Z/2 for each component C of ∆. So H n (∆/t; Z ⊗n λ ) contains no elements of order 4. Hence e(λ) n = 0 iff its mod2 reduction w 1 (λ) n = 0.
Lemma 5.2. [M1; proof of Corollary to Theorem 5] Let N be a Z/2-homology n-sphere and ∆ ⊂Ñ an n-dimensional closed Z/2-invariant submanifold. ∆ has Yang index < n iff every (compact) Z/2-invariant component of ∆ projects with odd degree to the first factor of N × N .
All results of [M1] referred to in this section are proved there in the smooth category, but remain true in the PL category by the same arguments, using PL transversality. If g 1 , . . . , g i ∈ π 1 (M, p) and S i ⊂ S are defined and S i = S, pick a point q ∈ S \ S i and a path ℓ ⊂ C joining q with b; set g i+1 = α ℓ and define S i+1 to consist of those points of S that can be joined with b by a path ℓ such that α ℓ ∈ {1, g 1 , . . . , g i+1 }. This process terminates at some finite stage r ≤ |S|.
The outcome is that S = f −1 (p) ∩ C is now in bijection with i≤r f −1 0 (g ip ) ∩ C 0 , wherep is a lift of p, andĈ 0 is the component of ∆ f 0 that covers C and contains the pointb that corresponds to b under the identification f −1 (p) = f −1 0 (p). Indeed, the points of g i+1 (Ŝ i+1 \Ŝ i ) are inĈ 0 and those of g i+1 (Ŝ \Ŝ i+1 ) are not inĈ 0 by the construction of S i+1 . If a point g i+1 (q) of g i+1 (Ŝ i ) is inĈ 0 , then q can be joined with b by a path ℓ qb ⊂ C such that α ℓ qb = g i+1 . Hence every point of S i+1 \ S i can be joined with q by a path ℓ going first to b, then to q via the reverse of ℓ qb , and finally back to b so that α ℓ = g i+1 g −1 i+1 g j for some j ≤ i, which is a contradiction. As a consequence, the degree of the composition C → N → M , as computed at b, equals r times the degree of the projection C 0 → N 0 → M 0 , as computed at b, g 1b , . . . , g rb . Here we understand that if C 0 and M 0 are non-compact, but the composition is a proper map, the degree is defined via cohomology with compact support (or locally-finite homology) and so may be nonzero. Theorem 3 of [M1] was stated in the case where N 0 is compact, but the proof works for proper maps of non-compact manifolds as well. Thus C 0 → N 0 has degree 0, and therefore so does either C → N or N → M . In the former case the proof is completed similarly to the case of finite π 1 (M ), and in the latter we refer to part (a).
